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Abstract 

The elements of 0{d, d, Z) are shown to be discrete symmetries of the space of curved 
string backgrounds that are independent of d coordinates. The exphcit action of the 
symmetries on the backgrounds is described. Particular attention is paid to the 
dilaton transformation. Such symmetries identify different cosmological solutions 
and other (possibly) singular backgrounds; for example, it is shown that a compact 
black string is dual to a charged black hole. The extension to the heterotic string is 
discussed. 
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1. Introduction 



In string theory, conformal field theories (CFT's) correspond to classical vacua (for 
a review, see In general, a CFT can be deformed by truly marginal operators. 
The space of couplings to these operators is a connected subspace of the space of 
string vacua. The space of all string vacua has many such components (which may 
approach the same boundaries). Many tractable cases involve CFT's that can be 
described by a sigma-model action, which can be thought of as a string moving in 
a metric, antisymmetric tensor, and dilaton background. In these theories, some 
marginal operators generate deformations of the background. 

Different string theory backgrounds may correspond to the same CFT. The sim- 
plest example of this phenomenon is the R —>■ 1/R duality for a free boson compact- 
ified to a circle p| . For (i-dimensional toroidal backgrounds, this duality generalizes 
to a discrete symmetry group isomorphic to 0{d,d,Z) (or 0{d,d+ 16, Z) for the 
heterotic string) P, ||, |]. 

In this paper, we discuss the discrete symmetry group acting on the space of 
curved D- dimensional backgrounds that are independent of d coordinates {d < D). 
Such backgrounds include many explicitly known string vacua: black holes 0, p- 
branes |^, cosmological solutions |]^, |^, etc. 

The discrete symmetries identify vacua with geometries that in general are radi- 
cally different. This characteristic stringy property is a consequence of the possibility 
that strings can wind around compact coordinates. The geometries related by the 
discrete symmetries differ in their identification of the (local) momentum modes and 
the (non-local) winding modes. Thus, to an observer composed of, e.g., momentum 
modes, geometries mathematically equivalent as CFT's will appear physically dis- 
tinct. 

The discrete symmetries in general act on the dilaton; in the flat case, the con- 
stant dilaton is transformed to a new constant such that the string coupling remains 
invariant [|l^, In the curved case, the dilaton transforms analogously |]lT|. The 



dilaton transformation plays an important role in the understanding of the propa- 



gation of a string in the D = 2 black hole geometry [|I2|, and in the understanding 
of duality invariant cosmological solutions |0. 

The structure of the moduli space that the discrete symmetries act on is not 
known in general. In the fiat (D-dimensional) case, the moduli space is locally 
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isomorphic to 0{D, D,IV)/{0{D,TV))'^ |jT3|. Studies of low energy effective actions 
suggest that there is a moduh subspace of backgrounds independent of d coordinates 
isomorphic to 0{d,d,H)/G [|l^, |15|, |16|, where G is at least the diagonal subgroup 
0{d, R) of {0{d, R))^ (the maximal compact subgroup of 0{d, (i, R)). This is consis- 
tent with results from string field theory |17|. This moduli subspace is only correct 
when the d coordinates have the topology of a torus. Though in general the local 
structure of the moduli space is unknown, we can still identify a discrete symmetry 
group that acts on it. 

The main result of this paper is that there is a discrete symmetry group trans- 
forming curved D-dimensional backgrounds independent of d coordinates {d < D), 
which is isomorphic to 0{d, d, Z). This group is naturally embedded in 0{D, D,Z), 
and acts on the D-dimensional (metric -|- antisymmetric tensor) background by frac- 
tional linear transformations, together with a dilaton transformation that preserves 
the string coupling. Though the explicit transformations are valid only to leading 



order in the inverse string tension a', we generalize the result of [|T^ to argue that 
the symmetry survives to all orders. 

The basic example of a nontrivial CFT that has two curved spacetime interpre- 
tations related by duality is the D = 2 black hole |T^. More general discussions of 



such duality have appeared in ||TT], |T9 



The paper is organized as follows: In section 2, we generalize the result of and 
construct general (conformal) curved D-dimensional backgrounds that are indepen- 
dent of d coordinates as abelian quotients of CFT's with {D + (i)-dimensional 
backgrounds. In section 3, we use the construction of section 2 to find the dis- 
crete symmetries of the space of these D-dimensional backgrounds. In section 4, 
we explore the group structure of these symmetries, and find a group isomorphic to 
0{d, d, Z), as well as a simple expression for its action on the backgrounds. In section 
5, we focus on the dilaton and its transformations. In section 6, based on analogies 
with the fiat case, we conjecture how these results extend to the heterotic string. 
In section 7, we study two examples: duahty between compact black strings and 
charged black holes in the bosonic string, and duality between neutral and charged 
black holes in the heterotic string. In section 8, we close with a few comments and 
discuss related open problems. 
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2. Curved target spaces independent of d coordinates as quotients 



In this section we construct a general (conformal) curved background in D dimen- 
sions that is independent of d coordinates as an abehan quotient of a CFT with 



a {D + d) -dimensional background. Generalizing the result of [|18|, we start with 
a CFT with d abelian left handed currents J* and right handed currents J\ The 
action is 

Sn+d = Si + Sa + S[x] , 

Si=^ fd^z \d9\d9\ + dOiBei + 2i:Mde^dd{ + Ty{x)dx^de\ + Tl^{x)de^dx'' 
1 



Sa = ^ ld\ de\de\ - do'^dei 

ZTT 



S[x] 



1 

2^ 



d'z 



Tab{x)dx''dx'' 



(2.1) 

where i,j = l,...,d and a,b = d+ 1, . . . , D, and Sjj, F^^, F^„, Tab are components of 
arbitrary x-dependent matrices, such that, together with the dilaton $, the theory 
described by the action So+d is conformal. 

The antisymmetric term Sa is (locally) a total derivative, and therefore may give 
only topological contributions, depending on the periodicity of the coordinates 6'.0 
To specify the periodicity, we define 



9' = 9'^- 9\ 



such that 



9' = 9' + 271, 
In these coordinates, Sa becomes 



Sa = / i^Z — 

271 J 2 



9' = 9{ + 91 



9' = 9' + 27T. 



d9'd9' - d9'd9' 



(2.2) 
(2.3) 

(2.4) 



which takes half-integer values, and therefore contributes to the path-integral. 

The action Sn^d ( p.l| ) is invariant under the f/(l)i x f/(l)^ affine symmetry 
*This term was omitted in [nSl; it is needed for gauge invariance of the gauged action, see below. 
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generated by currents 



r =de\ + ^,Ml + ]:Tydx 



1 r 



(2.5) 



We choose to gauge the d anomaly- free axial combinations of the symmetries ( |2.5| ) ;[] 
other options are generated by discrete symmetries discussed later. The gauged 



action is pO 



Sgauged = So+d + ^ Jd'z [AV* + A' T + {I + S),, 



:2.6) 



The antisymmetric term Sa (|2.4| ) is needed to insure gauge invariance under large 
gauge transformations.fi Integrating out the gauge fields A*, A^ gives: 



S 



D 



27r 
1 



27r 



d'z 



Eij{x)de'dd^ + Fl{x)de'dx^ + 

+ Fab{x)dx''dx^ - , 



(2.7) 



where 



and 



{X^}l=l...D = {d\x"'}i=l...d,a=d+l.. 



.D 



Sjj = Gij + Bij 



Faj Fab 



{21 



We have split £ into its symmetric and antisymmetric parts Q and B. The compo- 
nents are 

^ {I - ^MI + , (2.9) 

'''In iQ, the designation of axial vs. vector was interchanged. 

■I-Indeed, with the choice of Sa above, minimal coupling daO^ daO^ + gives the correct 
gauged model. 
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and 



Fl = {i+E)-^r%, F2, = -r^^.(/+s)-/, F,, = r,,-irL(/+s)-.ir|,. (2.10) 

This D- dimensional target space background is independent of the d coordinates 9\ 
Since the relations ( p.9| , |2.10D can be inverted to solve for (S, F) in terms of {E, F), it 
is the most general such background. Following the reasoning of |18|, if the original 
model So+d ( |2.1|) is conformal, then So is conformal to one loop order with^ 



= $ + lnciet(/ + S). (2.11) 

This relation is also invertible, and thus a D-dimensional field theory with a back- 
ground that is independent of d coordinates can be described as a quotient of a 
{D + (i)-dimensional field theory with d chiral currents. If the D- dimensional theory 
is conformally invariant, then the {D + c?) -dimensional theory is as well |]18|, and 



hence any CFT with a background that is independent of d coordinates can be 
described as a quotient of a CFT with a {D + rf) -dimensional background. 

This construction will allow us to understand the discrete symmetries of the 
moduli space of string vacua in backgrounds that are independent of d coordinates. 



3. Discrete Symmetries 

Different string theory backgrounds may describe the same conformal field theory. 
Here we study discrete symmetries that relate different but equivalent backgrounds 
{E{x), F{x), (f){x)) (|2.71). We first discuss transformations of {E{x), F{x), (j){x)) that 
follow from manifest symmetries of the action So+d (|2.1|) . We then combine them 
with transformations that are manifest symmetries of So ( |2.7| ) to find a discrete 
symmetry group isomorphic to 0{d, d, Z). 

The action So+d is invariant under the transformations 

Oi^o.e,, 62^0^62, Oi,2eO(rf,z), (3.1) 

§ However, as noted in jlj], higher order corrections to the background that give an exact CFT 
with a ZJ-dimensional background exist; these corrections come from the integration measure. 
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together with 



s ^ OsSO*! , r^o{ , ^ Oar^ , r ^ r (3.2) 

such that 

^(Oi±02).,GZ. (3.3) 

Here 0{d, Z) is the group of matrices O with integer entries satisfying 00* = /. 

These symmetries can be found as follows: The action So+d is invariant up to 
total derivatives under 0{d, R) x 0{d, R) acting on (^^i, 62) as in ( p.l|) , together with 
(|3.2|) for the backgrounds. The periodic coordinates 9, 9 (p.2|) transform as: 



9\ I/O1 + O2 Oi-02\f9 
9)^2\Oi-02 Oi + OajU 



(3.4) 



To preserve the periodicities of 9,9 ( p.3|) , the condition ( p.3|) must be satisfied. In 
particular, this implies O12 € 0{d, Z). 

The total derivative comes from the transformation of Sa (|2.4|) , and is 



Sa[0i9^, 02^2] - Sa[9i, 92] = ^ Idh \Mi,{d¥d~9^ - d9'd9^) + N,,{d9'd~9^ - d¥d9^) 

(3.5) 



where 



The condition ( |3.3| ) implies that Mij,Nij E Z, and hence the total derivative is an 
integer, and does not contribute to the path integral. This concludes the proof that 



M = ^{0{ - 0*)(0i + O2) , N = ^{0{ - 0*)(0i - O2) . (3.6) 



( |3.1| , p.2|) are symmetries of the action S^+d- 

The transformations of the background ( |3.2|) induce transformations of the back- 
ground {E{x),F{x),(j){x)) (|2j,|l^,|TlD in Sd (PI): 



E - 


> E' 


- 


F^' 


F2 - 




F - 


F' 



{I ~ 02m{){I + 02^1)-' (3.7) 

-ri(0i + 02S)-i 
(o* + E0*)-ir2 
r- iri(o*Oi + s)-ir2 



(3. 
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^ 0' = $ + In det{I + 02^1) 
These transformations can be rewritten as 



(3.9) 



E' 



(Oi + 02)^+(Oi-02) (Oi-02)^+(Oi+02 



(3.10) 



{Oi~02)E+{Oi + 02) 



?2l 



1 r 



(Oi + O2) - E'iO, - O2) 



(3.11) 



F' =F-F^ 



{Oi-02)E+{Oi + 02) (Oi-02)F 



1 , 
+ - In 
2 



detQ 



detg' 



1, 
+ - In 
2 



detG 



detC 



(3.12) 



where Q is the background metric as defined in ( |2.8|) and G is the symmetric part 
of E (p.9|) . We discuss the dilaton transformation (|3.12| ) in detail in section 5. 



The transformations (|3.1| , p.2D induce a non-trivial action on the currents (|2.5| ), 
and hence 5*^ {Sd with a transformed background {E', F', (p')) is derived from So+d 
(|2.1| ) by a different quotient. For example, some symmetries simply change the sign 
of a J* without changing J*; this corresponds to a vector gauging (as opposed to an 
axial gauging) of the i'th U{\). 

We now consider the additional transformations that are manifest symmetries of 
the action So itself. The first are integer "0" -parameters that shift E: 



Ej. 



F'^F' 



e 



-e,, e z 

F ^ F. 



(3.13) 



We refer to the group generated by these transformations as 0(Z); these are obvi- 
ously symmetries, as they shift the action So (|2.7|) by an integer and thus do not 
contribute to the path integral. 

The second type of transformations are given by homogeneous transformations 
of E, F\ F^ under A e Gl{d, Z): 



E A^EA , 



t Tp2 



A'F 



F^ F^A. 



F. 



(3.14) 
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These are obviously symmetries of the theory described by So, as they generate a 
change of basis in the space of ^'s that preserves their periodicities. 

Neither the 6(Z) nor the Gl{d, Z) transformations affect the dilaton, since they 
do not change the integration measure of the path integral; consequently, they are 
symmetries of the exact CFT's, and receive no higher order corrections. 

The group generated by all the symmetries discussed is isomorphic to 0{d, d, Z). 
A natural embedding of 0{d, d, Z) in 0{D, D, Z) acts on the background S by frac- 
tional linear transformations, as explained in the next section. 



4. The action of 0{d,d,Z) 



We begin by establishing our notation following [jl4|. The group 0{d,d,ll) can be 



represented as 2d x 2(i-dimensional matrices g preserving the bilinear form J: 

where a, b, c, d, I are d x d-dimensional matrices, and 

g^Jg = J =^ a*c + c*a = , b^d + d*6 = , a^d + c% = I . (4.2) 
This has an obvious embedding in 0(D, R) as 

where a, 6, c, d are D x D-dimensional matrices of the form 

^=(o ?)' ^=(o o)' '={1 o)' ^"=(o ?) ^^-^^ 

(here / is the {D — d) x [D — c?) -dimensional identity matrix). 
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We define the action of ^ on £^ by fractional linear transformations: 



g{S) =£' = {a£ + b){c£ + d)-^ 



E' {a - E'c)F'^ 

F\cE + d)-^ F ~ F\cE + d)-^cF^ 



wliere 



E' = {aE + b){cE + d)-^ 
is a fractional linear transformation of E under 0{d, d). 

The group 0{d, d) is generated by [|14| : 
Gl{d): 



9: 



Factorized duality: 



a b 
c d 



') = 


/A* 





d) 


I 


A- 


a b\ 







c d ) 




/ 



1 s.t. A e Gl{d) . 



s.t. = -0*. 



/ - ei ei 
ei / - ei 



s.t. ei = diag{l, 0, . . . , 0) 



The maximal compact subgroup of 0{d,d) is 0{d) x 0(d) embedded as 



a 6 \ _ 1 / oi + 02 oi - 02 

C dj 2 V Oi - 02 Oi + 02 



s.t. oi,2 e 0(d) 



(4.5) 



(4.6) 



(4.7) 
(4.8) 



(4.9) 



(4.10) 



This subgroup includes factorized duality (|4.9|) . 

We now turn from definitions to the actual symmetries of the CFT. These form 
an 0{d, d, Z) discrete subgroup of 0{d, d, R) that acts on the background as above. 
The elements of the subgroup 0{d, d, Z) are given by matrices g of the form (|4.1| , [4.2D 
with integer entries. 

Just as in the continuous case, the discrete group is generated by Gl{d, Z), 0(Z), 
and factorized duality; these are given by ( ^r7| , ^78| , |4^ ) with integer entries. The 
subgroup 0{d, Z) xO{d, Z) is given by the matrices (|4.10| ), again with integer entries. 
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Clearly, the 0{d, Z) x 0{d, Z) symmetries (|3.iqj3.11| ), the e(Z) symmetries (l3l3| ), 
and the Gl{d, Z) symmetries ( |3.14| ) that we found in the previous section act on the 
background by the 0{d,d,Z) C 0{D,D,Z) fractional linear transformations ( [4. 51) 
with the matrices a,b,c,d given by ( [4.10| , with oi ^ = Oi^2), ( |4.8| , with 6 G Z), and 
(|4^ , with A G (^/(rf, Z)), respectively. 

These results are compatible with the known discrete symmetries of the space of 
fiat D-dimensional toroidal backgrounds ^ |]. In that case, the 0{d, d, Z) symme- 
tries described above are simply a subgroup of the full 0{D, D,Z) symmetry group 
acting as in ( |4.5| ), for any g G 0{D, D,Z). For curved D-dimensional backgrounds, 
we expect that some large symmetry group acts (analogous to 0{D, D,Z)); here 
we have described the 0{d,d,Z) subgroup that is associated with a rf- dimensional 
toroidal isometry of the background. 

In the fiat case, the fractional linear transformation is an exact map between 
equivalent backgrounds; in the curved case, in general one expects higher order 
corrections to the transformed background [^. For 0(Z) and Gl{d,Z), the trans- 
formations are exact; however, the factorized duality receives corrections from the 
path-integral measure. Nevertheless, because the transformation is exact in the 
{D + (i)-dimensional model, we know that non-perturbative correction must exist 
such that factorized duality is exact .Q 

We close this section with a general remark. The group 0{d, d) has two discon- 



nected components (of the generators given in ( |4.7|J4.8| , ^^ , only factorized duality 
(|4.9| ) has det = — 1, and hence is not connected to the identity). Therefore one ex- 
pects that in general the submoduli space generated by 0{d, d) can be disconnected. 
In the fiat case, it happens that the 0{d,d) acts on the moduli space by a double 
covering, and as a result, the moduli space is connected. However, in general one 
gets two disconnected components of backgrounds with different topologies: for ex- 
ample, in the D = 2, d = 1 curved case, the two-dimensional black-hole and its dual 
are in two disconnected components mapped into each other by 0(1, 1). The duality 
transformation identifies the two components as conformal field theories. This is a 
general feature: factorized duality ( ^.9| ) maps one component of the moduli space 
of backgrounds to the other .[] 

= 4 supersymmetry can protect duality transformations, and there are examples where the 
one loop transformations are exact even in curved backgrounds. 

^Factorized duality is similar to mirror symmetry |2l|| , which also identifies two (possibly) dis- 
connected components of moduli space corresponding to backgrounds with different topologies. For 
N — 2 toroidal (orbifold) backgrounds, mirror symmetry and factorized duality are identical [^2[. 
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5. The dilaton 



To complete the previous discussion of the transformation of the background under 
the 0((i, (i, Z) symmetries, we consider the transformation of the dilaton. This is 
summarized in eq. (|3.12|) , which we derive by proving a theorem: The quantity 



2 

is invariant under 0{d, d, Z) transformations. This implies 



+ - In detg (5.1) 



The second equality in ( 3.12| ) follows from the proof of ( |5.1| ) given below. 



We begin with the identity 



Gij Gii) \ _ / Gik ^ \ [ ^kj {G ^)kiGib 

Gaj Gab J \Gak -^ac / \ Gcb — Gck{G ^)klGlb 



(5.3) 



which implies 

det{G) = det{G,,)det{Gab - Gak{G-')kiGib) . (5.4) 

We next prove that the following two quantities are separately invariant under 
0{d, d, Z) transformations: 



the invariant fiber dilaton : = 0+- liadet{Gij) , (5.5) 



the quotient metric : Gab - Gak{G ^)kiGib. (5.6) 

Geometrically, a D-dimensional space whose metric is independent of d coordinates 
6^ can be thought of as a bundle M with fiber coordinates 6. The metric on the 
fiber is Gij, and hence we refer to (p as the "invariant fiber dilaton". The induced 
metric on the quotient space M/{6'*} is the quotient metric (|5.6|) . 

To prove the invariance of ( p.5| ), we consider the action of the generators of 
0{d,d,Z) separately. The Gl{d,Z) and 6(Z) transformations trivially leave and 
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det{Gij) invariant, and hence (j) as well. To show invariance under factorized duality, 
we write (f) explicitly in terms of S: 



$ + In det{I + S) + ^ Indet^ [{I - S)(J + S)"^ 
$ + ^lnrfet(/-S*S). 



(5.7) 



To get the second equality, we need to split In det{I+T,) as | In (iet(/+E)+| In det{I+ 
E*). Under E ^ OaEOj Q, (J-S*S) ^ Oi(/-S*S)Oj, and hence is invariant. 
This completes the proof of the invariance of the fiber dilaton 0. 

The proof of the invariance of ( ^.6| ) is entirely parallel; again, the Gl{d, Z) and 
0(Z) transformations trivially leave (|5.6|) unchanged. To prove invariance under 
factorized duality, we express (^]6|) explicitly in terms of S, F^, F^, F (see p^ , |2.10| ): 



Gab — Gak{G ^)klG, 



lb 



^(F + F*) - + T)'^V^ + V^\I + E*)-iF"} 



i{Fi(/ + + T^\I + S*)-i}{(/ - S)(/ + 



'^(F + F*) + - S*S)-i(F" 



(/ + S*)-i(/-E*)}-i 
X {(/ + S)-1f2 + (/ + S*)"1f"} 

J ab 

+ S*F2) +F2*(/-SS*)-1(F2 + SF")} . 

J ab 

(5.8) 

The final expression is manifestly invariant under (|3.2|) , which completes the proof 
of the invariance of the quotient metric ( |5.ti| ). 

The theorem ( |5.1| ) that is invariant follows from the invariance of ( |5.5| , p.6[ ) 
together with the identity ( |5.4| ). This is compatible with results in low-energy ef- 



fective field theories [|T^, and string field theory |17, 23 1, and physically implies 
that the string coupling constant g^tlmg =< ^'^ >=< y/detQ e*^ > is invariant under 



0{d, d, Z). The invariance of ( pr5| , |5l6|) actually prove that \J det{Gij) e'^ and the quo- 
tient metric (|5.6|) are separately invariant; of course, this holds only for 0{d,d, Z), 
and not the full 0{D, D,Z) that it is embedded in. 
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6. The Heterotic String 



In this section, we make a conjecture about the discrete symmetries of the heterotic 
string by requiring compatibihty with the flat hmit ^ and with the bosonic case. 
We start with a curved heterotic background, which we assume is a consistent, 
conformally invariant, heterotic string theory, with an action: 

Shet ~ k\ \£ij{x)dX'dX' + AiA{x)dX'dY^ 

^ ^ (6.1) 

+ EABdy^dy^ - -(j){x)R^^^ + (fermionic terms)] , 

and with the second-class constraints that the are chiral bosons: dY^ = 0. As 
before, {X^} = {9^, a;"}, with i = 1 . . . d, and a = d + 1 . . . D. In addition, we have 
dint internal chiral bosons Y^: A = 1 . . . dint- In flat space, we have dint = 16, but 



more generally, we may find other solutions ESf. The spacetime background is 



given by {S,(j)), as in the bosonic case ( pl8| , p.ll|) , and, in addition, the gauge field 



A. We assume that this curved background is independent of the d coordinates 9\ 
The constant internal background is 

Eab = Gab + Bab , (6.2) 

where Gab is the metric on the internal lattice (one half the Cartan matrix of 
the internal symmetry group when the lattice is the root lattice of a group) and 
Bab is its antisymmetrization i.e., Eab is upper triangular. In the spacetime 
supersymmetric flat case, the symmetry group is Eg x Esl[\ In curved space, this 
group is in general different P3, 



Following 10, the expected symmetry group is isomorphic to 0{d, d + dint, Z) C 
0{D, D + dint, Z) as in section 4, acting by fractional linear transformations on the 
{D + dint) X {D + dint) dimensional matrix 

E{x) = (^'' + \^ia{G~')abAjb Aja \ ^g_3^ 
V U Eab J 

where G~^ is the inverse of Gab in ( |6.2|) . The matrix S is the embedding of the 
heterotic background into a bosonic {D + (ij„()-dimensional background, and the 

*The Spin{2>2) / Z2 string can be described as the x Ef, string with a particular gauge field 
background ||27|]. 
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group 0{D,D + dint) is the subgroup of 0{D + dint,D + dint) that preserves the 
form ( |6.3| ). Note that the spacetime metric Qu (the symmetric part of £ij in ( |6.3| )) 
is the quotient metric of the {D + (imt)-dimensional space modulo {Y"^} (here, Gab 
is the fiber metric). This leads to a simple expression for the transformation of the 
dilaton: 




note that this is independent of the gauge fields. 



7. Applications 

In this section we explore a number of consequences of the discrete symmetries. We 
first discuss an exact D = 3 closed string background that is independent oi d = 2 



coordinates p8[. We then turn to -D = 2 heterotic backgrounds p4| , Pq] . In both 
cases, we find that uncharged black compact objects (strings or holes) are equivalent 
to charged D = 2 black holes.Q 



7.1. The closed string example 

The simplest nontrivial example after the D = 2 black hole duality [|l^ is a compact 
black string given by attaching a circle to every point of the D = 2 black hole 
spacetime (5/(2, R)fc/f/(l) x U{1)). To leading order, the action is 

SBiackstring = — \k{dxdx + tauh^ xdd^ Bd^) + add'^Be^ - -0(x)i?(2)l , (7.1) 
271 J ^ 4-1 

where 

(j)[x) = 00 + ln(cos/i^a;) . (7.2) 

The first term in SBiackstring is the euclidean black hole metric 0, and the second 
term describes a circle of radius ^/a attached to each point. This D = 3 background 
is independent oi d = 2 coordinates and is described by the matrix ( p.8|) 



^=('f l)^ (7-3) 



* While writing up our results, we found similar observations in 



15 



where 



E 



ktanh'^x 
a 



F = k. 



(7.4) 



The group of generahzed duahty tranformations 0(2, 2, Z) maps this background 
into other backgrounds that (in general) have different spacetime interpretations. 
Since Fi = F2 = in (|7.3| , cf. p. 81 ), 0(2, 2) acts on the background by transforming 
only E and (p as given in (|4.6| ) and ( ^.2|) . A particularly interesting point on the 
trajectory of 0(2, 2, Z) is reached by acting with the element 



I e 

/ 



p 
p 



I 

1 



-e 



' -1 

1 

1 







1 
-1)/ 



(7.5) 



where 



e 



This transforms E and (h to 



1 
-1 ' ' 



p 



1 

1 



(7.6) 



E' = g{E) 



1 / ktanh'^x aktanK^x 

1 + aktanh'^xy—aktanh'^x a 



k{l — X)sinh'^x Xsinh'^x 



cost 



h^x — A V —Xsinh^x Xcosh'^x/k 



(7.7) 



where 



This gives an action 



()'(x) = 00 - ln(l - A) + \n{cosh'^x - A) 
ka 



A 



1 + ka 



(7.8) 
(7.9) 



Charge 



27T 



kidxdx + ^^^^1^09^^^ 



cos 



K^x — A 



+ ^^^^^'^ (gglgg2 _ QQ2QQl^ ^ XcOsh^X _ i0'(a;)^(2)l 

cosh'^x — X k{cosh''x — A) 4 -i 



(7.10) 
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and, after wick rotating 6^ 
found in with mass M 



it, corresponds to a charged black hole of the type 



M 



A)Mo 



Mo 



(7.11) 



and charge 



Q=\/A(l-A) 



2Mf 







A 2M 



where 0o = 0o ~ lii(l — A) is the constant part of the dual dilaton (|7.8|) . The action 
([7:T0| ) is related to the precise action for the coset (^/(2, R)^ x f/(l))/t/(l)) @ by 
rescaling 6"^ A;6'^.[] 

This shows that the charged black hole is equivalent to the compact black string 
as a conformal field theory. We now consider some particular limits of this solution. 

The limits a — > 0, cxd in ( |7. Ij ) is the 2D black hole x a degenerate circle with 
the two limits related hj R ^ 1/R duality. These limits correspond to the limits 
A — s> 0, 1 in (|7.9| ). In Scharge ( |7.10|) , A ^ is precisely the 2D black hole x the same 
degenerate circle; however, the A ^ 1 limit gives the action (modulo an integer total 
derivative term) 



S 



kdxdx + ^coth^xde^de^ + (1 - X)d9^d9^ - ^4>'{x)R^^^ 



(7.13) 



[X 



ln(l — A) + \n(sinh'^x) 



which corresponds to the dual 2D black hole x a degenerate circle [12]. In both 
cases, the degenerate limits are equivalent as CFT's to a noncompact black string. 



7.2. The heterotic string example 



We focus on the example of p5[, which is a D = 2 heterotic string with internal 
degrees of freedom taking values in a standard 12-dimensional lattice (the vector 
weights of 5*0 (24)). 13 We find that a family of charged black holes (and naked 
tOur k matches §, which is 2A: of [|8). 

■''More precisely, only spacetime bosons have internal quantum numbers in the vector representa- 
tions of 5*0(24); spacetime fermions have internal quantum numbers in the spinor representations 
of 50(24). 
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singularities) are dual to a neutral one, which is the exact CFT given by the heterotic 
D = 2 black hole p5i. 



We start with a heterotic D = 2 action: 



Shet = ^ ^ 



k{dxdx + tanh^x 



1 



+ (fermionic terms) 



(7.14) 



where A = 1, . . . , 12, /c = 5/2 (for criticality), and = 0o + ln(cos/i^x). This action 
describes a neutral heterotic D = 2 black hole. The conformal field theory ( [7.14 ) 
corresponds to a background ( |6.3D 



/k 0' 

ktanh^x 

yo / 



(7.15) 



where the internal background / is the 12 x 12 identity matrix corresponding to the 
vector weights of 5*0(24). Only a 2 x 2 block E of the matrix S is affected by the 
discrete transformations we discuss in this example: 



E 



ktanh'^x 
1 



(7.16) 



By transforming E and with a group element gn € 0(1, 2, Z) C 0(1, 13, Z) 
(where n is an arbitrary integer): 



gn 



ne\/A. 



I no I 







A- 



( 


^0 





vo 





(i 




n 




vO 


1 



1 

-n 1 

-71^ n 

-n Oj J 



(7.17) 



where 

/ = 
one finds 

9n{E) = K 



1 
1 



e 



1 

-1 Oj ' 



1 

n 1 



[n^ + ktanK^x) ^ —2n{n'^ + ktanh'^x) ^ 
1 



(7.18) 



(7.19) 



18 



k 

(j)'(x) = 00 + Infn^ + k)+ Inicosh'^x -) . (7.20) 

+ k 

After rescaling 

0^1±f.. (7.21) 

and defining r to be a linear function of the dilaton (f)' (|7.20|), 



k 

Qr = \n(cosh'^x - — -) , (7.22) 

+ k 



where Q is a constant determined below, the background (|7.19| ) gives rise to an 
actionPl 



Scharne = ^ fdh \f{r)dtdt + /{ry^drdr - A{r)dtdY^ + dY^dY^ 



- -(p' (r) R^'^^ + (fermionic terms) 



(7.23) 



with 

/(r) = 1 - 2me-^" - g^e'^Q^', (7.24) 



A{r) =nQ + 2qe~^'' , 0'(r) = Qr + (po + \n{n^ + k) , 
where Q = 2/v^ is determined by the normalization of Qrr in (|7.23|) , and 

■n? — k' n\fk' ,„ 

+ /e + k 

Following we have replaced k with fc' = A; — 2 = 1/2 in ( [7.25[ ). Wick rotating 
t —>■ it, along with q —iq (necessary to maintain hermiticity of the action), the 
theory ( |7.23| with \n\ > 1) describes a = 2 charged black hole with mass and 
charge p5| 

M = Q{n^ - k')e^° , Q = nV8e'''° . (7.26) 

For n = — 1, 0, 1, the theory ( [r.23| ) describes a naked singularity. 
§ Recall that Gu = ^'u - \^ (see U). 



19 



We emphasize that these backgrounds, for all n, are different spacetime inter- 
pretations of the same CFT: the exact CFT given by the neutral heterotic D = 2 
black hole. 



8. Concluding Remarks and Open Problems 



We have shown that 0{d, d, Z) acts on the space of backgrounds that are independent 
of d coordinates. We expect that in general the full symmetry group acting on the 
space of D-dimensional curved backgrounds is larger. Some of these extra symmetry 
generators can be found by considering quotients of {D + rf) -dimensional actions 
that are more general than ( [^.ID ; we hope to discuss this somewhere else. Ideally, 
one would like to find the complete symmetry group for the space of all curved 
backgrounds. 

The 0{d,d,Z) subgroup already leads to interesting relations between different 
geometries. We have illustrated this with charged black hole examples; similar 
studies in the context of string cosmology may lead to surprising consequences. 

Elements of 0{d, d, Z) with det = — 1 relate backgrounds with (possibly) different 



topologies. In the flat case, such transformations coincide p2[ with mirror symmetry 



for N = 2 superconformal backgrounds |21|. It would be interesting to understand 



the relation between the two in the general case. 

Another open problem is the issue of higher order corrections; this is a prob- 
lem for the spacetime interpretation of quotients as well as for discrete symmetry 
transformations. 
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